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We propose a program for counting microstates of four-dimensional BPS black holes in N ≥ 2
supergravities with symmetric-space valued scalars by exploiting the symmetries of timelike reduc-
tion to three dimensions. Inspired by the equivalence between the four dimensional attractor flow
and geodesic flow on the three-dimensional scalar manifold, we radially quantize stationary, spheri-
cally symmetric BPS geometries. Connections between the topological string amplitude, attractor
wave function, the Ooguri-Strominger-Vafa conjecture and the theory of automorphic forms suggest
that black hole degeneracies are counted by Fourier coefficients of modular forms for the three-
dimensional U-duality group, associated to special “unipotent” representations which appear in the
supersymmetric Hilbert space of the quantum attractor flow.
I. INTRODUCTION
Understanding the microscopic origin of the thermody-
namic entropy of black holes is a challenge for any quan-
tum theory of gravity. In string theory a microscopic de-
scription of certain supersymmetric black holes is known
and accounts for the expected number of microstates in
the limit of large charges Q ≫ 1 ([1, 2] and much sub-
sequent work). Recently there has been some progress
in understanding the counting of microstates beyond the
strict large Q limit (see e.g. [3] for a recent review).
Strikingly, Ooguri, Strominger and Vafa (OSV) [4]
have argued that, in N = 2 compactifications of Type
II string theory on a Calabi-Yau threefold X , all sub-
leading 1/Q corrections to the degeneracies should be
computable by considering the squared topological string
amplitude |Ψtop|2 as a generating function at fixed mag-
netic charge. A possible rationale for this phenomenon
uses channel duality in the near horizon AdS2 × S2 [5]:
the partition function with compactified Euclidean time,
which counts black hole microstates (possibly with signs),
could equivalently be computed in radial quantization as
an overlap of wave functions at each boundary of AdS2.
Provided the topological string amplitude solves the ra-
dial Wheeler-DeWitt constraint, the general form of the
OSV conjecture then follows in analogy with open/closed
string duality on the cylinder. This equivalence, if cor-
rect, may be viewed as a mini-superspace AdS/CFT cor-
respondence, where the bulk evolution of the gravity
fields is related to time evolution in a (as yet unknown)
dual conformal quantum mechanics.
On the other hand, in theories with high N = 4 or
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N = 8 supersymmetry, the exact black hole degeneracies
have long been suspected to be related to Fourier coef-
ficients of some kind of automorphic form [6]. Indeed,
the respective four-dimensional U-duality groups G4 =
SL(2,Z) × SO(6, n,Z) or E7(7)(Z) provide strong con-
straints on microscopic degeneracies (see [7] for a U-
duality review). Recently however, there have been indi-
cations that the three-dimensional U-duality groupsG3 =
SO(8, n + 2,Z) or E8(8)(Z) may be spectrum generat-
ing symmetries for four-dimensional BPS black holes
[8, 9, 10, 11]. This idea is partly motivated by the
“quasi-conformal” realization of G3 [9] on the space of
electric and magnetic charges (pI , qI) extended by one
variable. This is parallel to the “conformal” realization
of G4 on the space of black hole charges in five dimen-
sions [8, 9, 10]. Upon quantization, it leads to the min-
imal unipotent representation of G3 [9, 12], which is a
crucial ingredient in the construction of a particular au-
tomorphic form for G3.
In this Letter, we outline a new approach to black hole
microstate counting inspired by these ideas, postponing
details to [13]. Taking the proposal in [5] literally, we
study the radial quantization of stationary, spherically
symmetric BPS black holes in four-dimensional N ≥ 2
supergravity theories. To avoid the complications of full-
fledged N = 2 supergravity, we restrict to special cases
in which the scalars take values in a symmetric space
G4/K4. For simplicity, we further discard any higher-
derivative corrections to the low energy effective action.
This allows us to jettison Calabi-Yau geometry in favor
of real Lie group representation theory, while retaining
some essential features of a realistic N = 2 supergrav-
ity. Higher N = 4 or N = 8 supergravities are also in
this category, provided we again discard higher-derivative
corrections.
Since our interest lies in stationary solutions, it is nat-
ural to perform a reduction along the time direction,
leading to three-dimensional Euclidean gravity coupled
to a non-linear sigma model with an enlarged symmetry
2groupG3 [14]. An essential observation is that stationary,
spherically symmetric solutions of the four-dimensional
equations of motion are equivalent to geodesic trajec-
tories on the three-dimensional scalar manifold M∗3 =
G3/H3, where H3 is a certain noncompact real form of
the maximal compact subgroup K3. As such, they carry
an action of G3 relating black hole geometries with dif-
ferent charges1.
This observation is key to the radial quantiza-
tion of black holes in a mini-superspace approxima-
tion. Geodesic trajectories can be replaced by square-
integrable wave functions on M∗3 (or sections of some
bundle). The action of G3 is then roughly the regular
representation on the Hilbert space L2(G3/H3), which
breaks up into a sum of unitary irreducible representa-
tions (irreps) of G3. As we shall see, the BPS compo-
nent of the Hilbert space is a “unipotent” representation
of unusually small functional dimension. Furthermore,
in some cases there is a distinguished “spherical” vec-
tor in this space, which appears to play the role of a 1-
parameter extension of the topological string amplitude
Ψtop, in broad accordance with the proposal of [5].
In the full quantum theory, pursuing the suggestion
in [11], we conjecture that a discrete subgroup G3(Z) re-
mains as a “spectrum generating” symmetry controlling
the exact degeneracies of BPS black holes. This idea
is supported by the fact that the above unipotent rep-
resentations have been exploited by mathematicians to
construct modular forms for G3. Thus it is tempting to
identify the black hole degeneracies as particular gener-
alized Fourier coefficients of these modular forms. As we
shall see, the result (17) below bears a close resemblance
to the OSV conjecture, albeit with striking differences.
The proposal that BPS microstates are counted by
modular forms for G3 should have interesting ramifica-
tions (if it can be verified). For example, it could provide
an explanation of mysterious modular properties which
have been observed in computations of the degeneracies
of BPS states in four dimensions [6, 11, 16, 17, 18, 19, 20].
More generally, we are hopeful that understanding the
spectrum generating symmetries of black hole degenera-
cies will improve our understanding of the conjecture
of [4] and the non-perturbative meaning of the topologi-
cal string.
Finally, it should be mentioned that the radial quanti-
zation of black holes has been a subject of much work by
the canonical gravity community [21, 22, 23, 24, 25, 26].
While this endeavor has so far yielded relatively little
insight into black hole entropy, embedding this idea in
supergravity may justify the mini-superspace truncation,
at least for BPS black holes, and allow channel duality
to teach us the nature of black hole microstates.
The organization of this Letter is as follows: in Sec-
1 We note that G3 already made an appearance as a solution-
generating symmetry in the N = 4 context [15].
tion II, we describe a class of supergravities with sym-
metric scalar manifolds where our techniques apply most
directly. In Section III, we interpret the radial evolution
equations as geodesic motion on a scalar manifold M∗3
and determine the conditions on geodesics required for
supersymmetric solutions. In Section IV, we explain our
proposal for quantizing the attractor flow, and argue that
the BPS Hilbert space furnishes a particular unipotent
representation of G3. In Section V, we conjecture a re-
lation between exact black hole degeneracies and Fourier
coefficients of automorphic forms naturally associated to
these representations. We close in Section VI with an
outlook.
II. HOMOGENEOUS SUPERGRAVITIES
The analysis we describe applies to a class of d = 4,
N = 2 supergravity theories whose scalar fields are as-
sociated to vector multiplets and lie on a symmetric
space M4 = G4/K4. Such theories, known as “very spe-
cial supergravities”, were first studied in [27, 28, 29].
The special geometry ofM4 turns out to be characterized
by a cubic prepotential F = N(X)/X0, with N(X) the
norm function of a degree 3 Jordan algebra J . The clas-
sification and study of such theories is therefore closely
tied to the theory of Jordan algebras.
We also consider theories with higher supersymme-
try, N = 4 or even N = 8. Here again one finds
scalar fields living on some symmetric space M4 =
G4/K4. For example, in the N = 8 case (the low en-
ergy limit of M-theory compactified on T 7) this space
is E7(7)/(SU(8)/Z2). We list some examples in the Ta-
ble, giving the number of supercharges, the moduli space
in d = 4, and the moduli space in d = 3 after reduction
along a timelike Killing vector (see the next Section). For
brevity we omit discrete factors such as Z2. We shall re-
fer to these N ≥ 2 supergravities with symmetric-space-
valued scalars as “homogeneous supergravities”.
Passing to the quantum theory, the continuous sym-
metry is generally broken to a discrete subgroup (the
continuous symmetry would be inconsistent with charge
quantization). In the N = 8 case it is believed that the
quantum theory is invariant under the largest subgroup
consistent with this constraint, written E7(7)(Z). For the
very special supergravity theories the quantum theory is
not in general known to exist; we optimistically assume
that the quantum theory exists and is invariant under a
suitably large discrete subgroup G4(Z)
2. It is conceiv-
2 Of the four N = 2 supergravity theories defined by simple Jordan
algebras of degree three, those with 7, 10 and 16 vector fields
in four dimensions can be obtained by a consistent truncation
of the maximal N = 8 supergravity. The theory with 10 vector
fields is known to describe the vector-multiplet sector of type IIA
superstring compactified on the CY orbifold T 6/Z3 [30]. There
are indications that the 6 extra scalars in the model based on JH3
3nQ nv M4 M
∗
3 J
8 1 ∅ U(2, 1)/[U(1, 1) × U(1)] R
8 2 SL(2,R)/U(1) G2,2/SO(2, 2) R
8 7 Sp(6,R)/(SU(3)× U(1)) F4(4)/[Sp(6,R)× SL(2,R)] J
R
3
8 10 SU(3, 3)/(SU(3) × SU(3) × U(1)) E6(2)/[SU(3, 3) × SL(2,R)] J
C
3
8 16 SO∗(12)/(SU(6) × U(1)) E7(−5)/[SO
∗(12) × SL(2,R)] JH3
8 28 E7(−25)/(E6 × U(1)) E8(−24)/[E7(−25) × SL(2,R)] J
O
3
8 n+ 2 (SL(2,R)/U(1))× (SO(n, 2)/[SO(n) × SO(2)]) SO(n+ 2, 4)/[SO(n, 2)× SO(2, 2)] R⊕ Γn−1,1
16 n+ 2 (SL(2,R)/U(1)) × (SO(n− 4, 6)/[SO(n − 4)× SO(6)]) SO(n− 2, 8)/[SO(n− 4, 2)× SO(2, 6)] R⊕ Γn−5,5
32 28 E7(7)/SU(8) E8(8)/SO
∗(16) JOs3
FIG. 1: Number of supercharges, vector fields in d = 4, moduli spaces before and after d = 4 → 3 reduction along a timelike
Killing vector, and associated Jordan algebra. Real forms of exceptional groups are indicated by the notation En(m) where m
is the difference between the number of non-compact and compact generators.
able, but currently unproven, that our considerations ex-
tend to general non-homogeneous N = 2 theories, the
monodromy group of the Calabi-Yau periods playing the
role of G4(Z).
III. ATTRACTOR EQUATIONS AND
GEODESIC FLOW
Since we are interested in stationary black hole solu-
tions it is natural to dimensionally reduce the d = 4 the-
ory along a timelike direction, using a Kaluza-Klein-type
ansatz [14]
ds24 = −e
2U (dt+ ω)2 + e−2Uds23 . (1)
This leads to Euclidean gravity in three dimensions,
coupled to scalars, vectors and fermions; upon dualiz-
ing the bosonic sector is described simply by the three-
dimensional metric ds23 and scalar fields φ
a. The φa in-
clude the scalars from the d = 4 theory, plus electric
and magnetic potentials from the reduction of the gauge
fields AIt and their duals, plus the scale factor U and the
twist potential dual to the shift ω; altogether they are
organized into a manifoldM∗3 of indefinite signature (the
analytic continuation of the Riemannian signature man-
ifold M3 from a spacelike reduction). For generic N = 2
theories, M3 is a 4nv dimensional quaternionic-Ka¨hler
manifold known as the c-map of M4 [32]; M
∗
3 is an asso-
ciated para-quaternionic space. For homogeneous super-
gravities, M3 = G3/K3 and M
∗
3 = G3/H3, where K3 is
the maximal compact subgroup of G3 and H3 is a non-
compact real form of K3 [14, 33].
Stationary black hole configurations are identified with
solutions of the non-linear sigma model onM∗3 coupled to
three-dimensional gravity. Supersymmetry requires a flat
three-dimensional slicing, so that general BPS solutions
can be considered as generalized complex structure moduli [31]
are harmonic maps from R3 to M∗3 . Hence the problem
of constructing black hole geometries, and possibly also
counting their microstates, is related to the study of such
harmonic maps.
As a first step, let us restrict to spherically symmetric
configurations, whose metric on three-dimensional slices
may be written
ds23 = N
2(ρ) dρ2 + r2(ρ)
[
dθ2 + sin2 θ dφ2
]
. (2)
Considering ρ as a “radial time” the bosonic action reads
S =
∫
dρ
[
N
2
+
1
2N
(
r˙2 − r2Gabφ˙
aφ˙b
)]
, (3)
where φ : R → M∗3 describes the radial scalar field evo-
lution and Gab is the metric on M
∗
3 . The 4-dimensional
equations of motion are thus equivalent to geodesic mo-
tion of a fiducial particle on the real cone over M∗3 . The
equation of motion for the lapse N imposes the Hamil-
tonian constraint
H = p2r −
1
r2
Gabpapb − 1 ≡ 0 , (4)
(where pr and pa are the canonical conjugates to r and
φa) which fixes the mass of the fiducial particle on the
cone to 1. For BPS black holes, one may set N = 1, ρ =
r, pr = 1 so that the problem reduces to light-like geodesic
motion on M∗3 , with affine parameter τ = 1/r. It is
convenient to retain the r variable to define observables
such as the horizon area and the ADM mass.
The magnetic and electric charges of the black hole
can be easily read off from this description: they are
Noether charges pI , qI associated to the generators of
gauge transformations in the isometry group G3 acting
on M∗3 . These charges do not commute; rather, they
generate a Heisenberg subgroup N ⊂ G3:
[pI , qJ ]PB = 2δ
I
J k , (5)
where k is the NUT charge of the black hole [11]. Con-
figurations with k 6= 0 have closed timelike curves at
4infinity when lifted back to four dimensions, due to the
off-diagonal term ω = k cos θdφ in the metric (1); bona
fide four-dimensional black holes are only obtained in the
“classical” limit k → 0. Nonetheless, it is advantageous
to retain this variable to realize the full three-dimensional
U-duality symmetry. In addition, the isometry associ-
ated to rescalings of gtt leads to an additional conserved
charge m identified as the ADM mass, obeying
[m, pI ]PB = p
I , [m, qI ]PB = qI , [m, k]PB = 2k . (6)
Importantly, as already noted in [24], the ADM mass
does not Poisson-commute with the charges.
For homogeneous supergravities where M∗3 = G3/H3,
there exist additional conserved charges associated to
the isometric action of G3 on M
∗
3 . The full symmetry
group G3 includes the group G4 already present in 4
dimensions, the unipotent subgroup N , and its oppo-
site N¯ , corresponding to generalized Ehlers and Harrison
transformations [14, 34]. The corresponding set of con-
served charges can be assembled into an element Q in the
Lie algebra dual g∗3 of G3 (which we canonically identify
with g3 via the Killing form) — the moment map of the
symplectic action of G3 on phase space. The space of
charges Q naturally breaks up into orbits of various di-
mensions under the (co)adjoint action of G3, all equipped
with a canonical Kirillov-Kostant symplectic structure.
As we shall now see, the supersymmetry properties of
the black hole solution are simply expressed in terms of
the conjugacy class of Q.
While the flatness of the three-dimensional slices is nec-
essary for supersymmetry, it is not a sufficient condition.
For spherically symmetric stationary solutions, the su-
persymmetry variation of the fermionic partners λA of φa
reads [35]
δλA = V Aα ǫ
α, (7)
where ǫα is the supersymmetry parameter and V Aα is
a matrix linear in the velocities φ˙a on M∗3 . For gen-
eral N = 2 supergravities, the indices α = 1, 2 and A =
1, . . . , 2nv transform as fundamental representations of
the restricted holonomy group Sp(2,R) × Sp(2nv,R)
of para-quaternionic geometry. Supersymmetry is pre-
served when (7) vanishes for some non-zero ǫα, which
implies that the quaternionic viel-bein V Aα has a zero
eigenvector. Expressing V Aα in terms of the conserved
charges, one may show that this amounts to the system
of equations
dzi
dτ
= −eU+iαgij¯∂j¯ |Z| (8)
dU
dτ
+
i
2
k = −2eU+iα|Z| , (9)
where
Z(p, q, k) = eK/2
[
(qI − 2kζ˜I)X
I − (pI + 2kζI)FI
]
(10)
is the central charge of the supersymmetry algebra, and
the phase α is adjusted so that dU/dt is real. The scalars
ζ˜I , ζ
I , conjugate to the charges pI , qI , themselves evolve
according to
dζI
dτ
= −
1
2
e2U [(ℑN )−1]IJ[
qI − 2kζ˜I − [ℜN ]JK(p
K + 2kζK)
]
(11)
dζ˜I
dτ
= −
1
2
e2U [ℑN ]IJ (p
J + 2kζI)− [ℜN ]IJ
dζJ
dτ
whereNIJ is the standard matrix of special geometry (we
follow the conventions from [36]). For vanishing NUT
charge3 k = 0, Eqs (8),(9) are recognized as the standard
attractor flow equations describing the radial evolution of
the scalars toward the black hole horizon [38, 39, 40, 41].
The isomorphism between attractor flow on the special
Ka¨hler manifold M4 and supersymmetric geodesic mo-
tion on the c-map of M4 was in fact independently no-
ticed in [42] in their study of spherically symmetric D-
instantons in five-dimensional N = 2 supergravity, and
reflects mirror symmetry between D-instantons and black
holes.
For homogeneous N = 2 supergravity, the holonomy
group is further restricted to G4 × Sp(2,R), where G4 ⊂
Sp(2nv,R). The matrix of velocities V
A
α can be viewed
as an element of p in the decomposition g3 = h⊕ p, and
is conjugate to the matrix of conserved charges Q. The
condition for supersymmetry is then4
[Ad(Q)]5 = 0 , (12)
where Ad(Q) denotes the adjoint representation of Q. In
other words, Q should be an element of a nilpotent or-
bit O5. The dimension of this orbit is 4nv + 2, much
smaller than the dimension 8nv of the unconstrained
phase space. One may also consider yet smaller or-
bits O4,O3,O2, of dimensions5 4nv, (10nv−4)/3, 2nv+2,
corresponding to 3-charge, 2-charge and 1-charge black
holes, with zero entropy in tree-level supergravity. All of
these preserve the same amount of supersymmetry, but
belong to different duality orbits. The minimal orbit O2
will play an important role in the relation to the topo-
logical amplitude below.
This discussion may be repeated for theories with
higher supersymmetry: for N = 8, the fermionic vari-
ation is δλA = ǫαΓ
α
AA˙
P A˙ where ǫα, λ
A, P A˙ transform as
a vector, spinor and conjugate spinor of the R-symmetry
3 The attractor equations including NUT charge can also be ob-
tained as a special case of the analysis in [37]; they agree with
ours, although the proof is not immediate [13].
4 One can see this by noting that g3 has a 5-grading induced by
the decomposition under a highest root of Sp(2,R), and arguing
that V A1 ∝ V
A
2 can be conjugated into the grade-1 subspace.
5 The fact that the dimension ofO3 is an even integer can be traced
back to the Jordan algebra origin of homogeneous supergravities.
5group SO∗(16), respectively. A 1/2-BPS black hole
in N = 8 preserving 16 supercharges is obtained when
the velocity P A˙ is a pure spinor of SO∗(16), equiva-
lently Q ∈ O2: this corresponds to the minimal orbit
of E8, of dimension 58. Similarly, a 1/4-BPS black hole
corresponds to Q ∈ O3, of dimension 92, while a generic
1/8-BPS black hole corresponds to Q ∈ O5, of dimen-
sion 114. The orbit O4 of dimension 112 corresponds
to 1/8-BPS black holes with zero classical entropy, but
does not enjoy any enhanced supersymmetry [8]. Note
that the dimensions of these orbits agree with those given
above for nv = 28.
IV. THE QUANTUM ATTRACTOR FLOW
Having reduced the radial evolution of stationary,
spherically symmetric solutions in 4 dimensions to
geodesic flow on the three-dimensional scalar man-
ifold M∗3 , quantization is straightforward: Classical
geodesic motion of a particle on R+ × M∗3 is replaced
by a wave function Ψ ∈ L2(R+ × M∗3 ), satisfying the
quantum Hamiltonian constraint
[
−
∂2
∂r2
+
∆
r2
− 1
]
Ψ(r, e) = 0 , (13)
where ∆ is the Laplace-Beltrami operator on M∗3 ∋ e.
In our case we are really dealing with the motion of a
superparticle, so Ψ should more properly be a section of
a bundle over R+ ×M∗3 .
Furthermore, we are interested in the BPS Hilbert
space, composed of states satisfying a quantum version
of (7) and pr = 1. The latter equation takes care of
the radial dependence, Ψ(r, e) = rΨ(e). We shall discard
the r variable from now on.
Let us first sketch the quantization of (7) for gen-
eral N = 2 supergravities. Note first that (after con-
tinuing from M∗3 to M3) ǫ
α determines a complex struc-
ture at a point of M3. Classically, the relation (7) im-
plies that the holomorphic part of the velocity V Aα for
this complex structure vanishes. We propose that quan-
tum mechanically this should translate into the state-
ment that Ψ belongs to a holomorphic sheaf cohomol-
ogy group H1(T,O(−h)) on the twistor space6 T of the
quaternionic-Ka¨hler spaceM3. (In particular, Ψ depends
holomorphically on 2nv+1 variables, giving the expected
functional dimension for the BPS Hilbert space.) So
we are proposing a relation between sections of bundles
onM∗3 and sheaf cohomology on T ; this is likely related to
the higher-dimensional quaternionic version of the Pen-
rose transform, discussed in [45, 46].
6 It may be fruitful to further extend T to the Hyperka¨hler cone
over M3, along the lines of [43, 44]. We thank M. Rocek and
S. Vandoren for discussions on this approach.
For homogeneous N ≥ 2 supergravities, this construc-
tion can be made more concrete as follows. We impose
constraints on the phase space by fixing the values of
all of the Casimir operators of G3 acting on the Noether
charge. After imposing these constraints, the phase space
reduces to a union of coadjoint orbits of the Noether
charges. In particular, if we impose the constraint (fol-
lowing from the BPS condition) that the Casimir oper-
ators all vanish, the reduced phase space is the union
of nilpotent orbits. Correspondingly, the BPS Hilbert
space HBPS decomposes into a direct sum of irreducible
unitary representations of G3,
7 obtained by quantizing
these nilpotent coadjoint orbits8. The orbits relevant for
us are the Oi discussed in the previous Section, corre-
sponding to duality orbits of the black hole charges.
Each representation (ρ,H) obtained by orbit quantiza-
tion can be thought of as embedded in the unconstrained
Hilbert space of sections on G3/H3: namely, there is a
“spherical” H3-covariant
9 vector f ∈ H, so given some
v ∈ H, we define a section Ψv(g) by
Ψv(g) = 〈f, ρ(g)v〉 . (14)
Note that Ψv(g) is well defined as a section on G3/H3
thanks to the H3-covariance of f .
So the radial quantization of supersymmetric station-
ary spherically symmetric geometries, or supersymmetric
geodesic motion onM∗3 , is equivalent to the quantization
of the small nilpotent orbits Oi of G3, where i = 2, 3, 4, 5
depending on the fraction of supersymmetry preserved
by the solution (or, in the N = 2 case, on the number
of independent charges carried by the black hole). This
is a problem which has been considered at some length
in the mathematics and physics literature. In particular,
the minimal representation, based on the quantization
of O2, was constructed for all simply laced Lie groups
in their split real form in [47, 48], while the small repre-
sentationsH2,3,4,5 associated to O2,3,4,5 were constructed
in [49] for all simple Lie groups in their quaternionic real
form. Their construction of O5 is in fact a particular
case of the twistor construction for general N = 2 su-
pergravity sketched above. The quantization of O5 in
the split case was also physically realized as a quasi-
conformal action leaving a quartic light-cone invariant
in [9]; the quantization of O2 was obtained in [50] by
7 Since G3 is a non-compact group, its non-trivial unitary represen-
tations are infinite-dimensional; nevertheless they may be char-
acterized by their functional (“Gelfand-Kirillov”) dimension, the
number of variables needed to represent them.
8 To be precise, the above construction provides a quantization
of the observables associated to the action of G3. Fortunately,
the most relevant observables pI , qI , k,m are indeed generators
of G3. Other observables need not act within HBPS , although
they may be projected into it in the spirit of the lowest Landau
level truncation in condensed matter physics.
9 More precisely, the vector f transforms in a finite-dimensional
representation of H3 appropriate to the bundle over G3/H3; it
is a spherical vector if this representation is trivial.
6“quantizing the quasi-conformal action”; these construc-
tions were extended to the non-split case in [51, 52]. The
same construction of the minimal representation in the
split case was also independently arrived at in [12], albeit
with very different physical motivations. In that work the
distinguished spherical vector was also computed.
At this stage, we may try to make contact with the
proposal of [5]: are any of the Hi suitable Hilbert spaces
to contain the topological string amplitude Ψtop? Tak-
ing [5] literally, the desired wave function must be a func-
tion of nv variables. Alas, there is no unitary representa-
tion of G3 on this number of variables, but the minimal
representation comes very close: it has functional dimen-
sion nv + 1. Furthermore, choosing an electric-magnetic
splitting yields an explicit realization of the minimal rep-
resentation as a function space [12]; nv of the variables
can be naturally identified with the magnetic charges pI
of the four-dimensional black hole, while the last one can
be identified with the NUT charge k [11]. Modulo the
extra variable, this is exactly the form expected for the
topological string partition function, including the de-
pendence on a choice of splitting.
Moreover, there is a natural way to eliminate the
extra variable: letting Hω denote the generator con-
jugate to the ADM mass, one may consider the
limit limτ→∞ e
τHωΨ (which may be thought of as a
“4-dimensional” or perhaps “near-horizon” limit). In
this limit, G3 is broken down to G4 × R commuting
with Hω, and the spherical vector computed in [12] re-
duces to the tree-level generalized topological string am-
plitude Ψtop = e
N(X)/X0 . It is thus tempting to inter-
pret the topological string amplitude as a restriction of
the spherical vector10 of the minimal representation for
the three-dimensional duality group G3. It would ob-
viously be very interesting to have a topological string
interpretation of the extra variable k, and conversely to
understand how perturbative and instanton corrections
modify the notion of spherical vector.
V. THE AUTOMORPHIC WAVE FUNCTION
In the last Section we discussed four unipotent rep-
resentations Hi of the three-dimensional continuous U-
duality groupG3, which arise upon quantization of spher-
ically symmetric BPS black hole attractor flows. Math-
ematical interest in these representations lies in the fact
that they allow for the construction of simple modular
forms for G3; so we begin by reviewing this notion and
then explain its relevance for us.
10 In particular, it is not accurate to say that Ψtop is the wave func-
tion for the attractor flow: rather, (a one-parameter generaliza-
tion of) it defines a map (14) from HBPS to the unconstrained
Hilbert space; the wave function itself is determined only when
a vector v ∈ HBPS is specified. In the next section, we propose
a principle that selects a unique v.
Recall that an automorphic form for a group G is a
function on the quotient G(Z)\G, where G(Z) is a dis-
crete subgroup of G (see e.g. [53] for a more precise defi-
nition). The space A of automorphic forms has a natural
G-action (by right multiplication). A modular form Ψ is
abstractly defined as an equivariant map H → A where
the space H carries a representation ρ of G: H character-
izes the “modular weight” of Ψ, while the map encodes
the precise modular form. In other words, Ψ denotes a
particular realization of the representation ρ on a space
of functions on G(Z)\G. One way to construct such a re-
alization11 is to find a G(Z)-invariant distribution fG(Z)
in H∗: then the map
v 7→ Ψv(g) = 〈fG(Z), ρ(g)v〉 (15)
defines a modular form. If the representation ρ admits
a vector vK invariant under K ⊂ G, the resulting func-
tion ΨvK is K-invariant, hence a function on the double
coset G(Z)\G/K. In some cases the invariant distribu-
tion fG(Z) can itself be obtained as an adelic spherical
vector, expressible as the product over all primes p of
spherical vectors over G(Qp), where Qp is the field of p-
adic rational numbers.
We briefly indicate how the usual modular forms
for SL(2,R) fit into this framework. Holomorphic mod-
ular forms f(τ) on the upper half-plane give functions
on SL(2,Z)\SL(2,R) by12 g 7→ (f |kg)(i). Under the ac-
tion of SL(2,R) this is a highest weight vector generating
the k-th holomorphic discrete series representation. The
Jacobi theta series also fits in this scheme via (15), upon
choosing H as the metaplectic representation, vK(x) as
the ground state of the harmonic oscillator, and fG(Z) the
“Dirac comb” distribution
∑
m∈Z δ(x−m).
Now recall that given a modular form for SL(2,R)
its Fourier coefficients often have interesting number-
theoretic properties — they are integers and answer
counting problems. For example, for holomorphic mod-
ular forms of SL(2,Z), one obtains these coefficients by
computing
Ψˆ(m) =
∫ 1
0
f(τ1 + iτ2)e
−2piim(τ1+iτ2)dτ1 . (16)
This can be equivalently viewed as integration over the
parabolic subgroup
{(
1 x
0 1
)}
⊂ SL(2,R) fixing the
cusp τ = i∞, modulo the action of SL(2,Z). In favorable
cases, a similar prescription can be given for Fourier co-
efficients of modular forms of G, by performing integrals
over the unipotent (“upper triangular”) parts of suitable
parabolic subgroups; this procedure is not known to work
11 See e.g. [54] for a physicist’s introduction to this approach.
12 As usual, for g =
(
a b
c d
)
, (f |kg)(τ) = (cτ + d)
kf
(
aτ+b
cτ+d
)
.
7in full generality, but does at least for the N = 2 cases
of interest here [55, 56, 57].
Namely, let us consider modular forms Ψ for G = G3,
the three-dimensional U-duality group appearing in the
timelike reduction of stationary black holes, taking ρ to
be one of the unipotent representationsH2,H3,H5 which
are singled out by supersymmetry. This G3 has a maxi-
mal parabolic subgroup G3 = LN , where the Le´vi com-
ponent L ≃ G4 × R contains the four-dimensional U-
duality along with Hω, and N is the Heisenberg group
of gauge transformations from (5). Given Ψ one can try
to extract its Fourier coefficients. The analog of e2piinx
in (16) is now a character χ : N → C×, with χ(n) = 1
for n ∈ G3(Z). Such characters are naturally parame-
terized by vectors (pI , qI) of integrally quantized electric
and magnetic black hole charges, the NUT charge k be-
ing necessarily set to 0 (there exists a different unipotent
subgroup of G3 whose characters are parameterized by qI
and k, but then the pI ’s necessarily vanish).
The Fourier coefficients Ψˆ(p, q) so obtained are by
construction invariant under four-dimensional U-duality
G4(Z); importantly they are constrained to fit together
into a modular form for a larger group G3(Z). Further-
more, the “smallness” of the underlying representation
implies that only a subset of the Fourier coefficients are
nonzero, namely those lying in the appropriate orbit of
the U-duality group.
In particular, let us consider the minimal representa-
tion H2. In this case it is believed that the modular
form Ψ is unique. So our conjecture in this case would
be that the Fourier coefficients of this Ψ count the mi-
crostates of 1-charge black holes. Although these mi-
crostate counts are not of much direct physical interest,
the statement that they fit together into a modular form
of G3 is an illustration of our general philosophy.
When G3 is a split group, the modular form attached
to the minimal representation can be understood con-
cretely by considering the spherical vector; its corre-
sponding automorphic form was constructed in [58], es-
sentially using the formula (15). Comparing (15) to (14),
we see that this construction corresponds to a particular
choice of wave function v = fG(Z) in the corresponding
BPS Hilbert space, which we refer to as the “automorphic
wave function”. Then the Fourier coefficient associated
to the given charges (pI , qI) can be formally expressed as
Ψˆ(p, q) =
∫
dζI eiqIζ
I
f∗G(Z)(p
I−ζI , 0) fK(R)(p
I+ζI , 0) .
(17)
This expression strongly resembles the OSV conjecture
but differs by involving the product of the real and adelic
spherical vectors, rather than the squared modulus of the
topological string amplitude.
For the other Hi, coming from quantization of the
larger Oi, the situation becomes more complicated; the
modular forms here are not expected to be unique, so
some additional input will be required to pin down the
desired ones. The OSV conjecture seems to suggest con-
sidering the tensor product of the representationH2 with
itself and projecting onto H5; but this is unlikely to be
the full story, since from the results of [59] it appears that
considering non-spherically symmetric configurations re-
quires the inclusion of higher powers of Ψtop as well.
VI. SUMMARY AND OUTLOOK
In this work, motivated by recent conjectures about
exact degeneracies of BPS black holes in four dimen-
sions, we studied stationary, spherically symmetric so-
lutions of N ≥ 2 supergravities, with emphasis on cases
where the scalar manifold is a symmetric space. By uti-
lizing the equivalence with geodesic motion on the three-
dimensional scalar manifold, we quantized the radial at-
tractor flow, and argued that the three-dimensional U-
duality group G3 acts as a spectrum generating sym-
metry for BPS black hole degeneracies in 4 dimensions.
We suggested how these may be counted by Fourier co-
efficients of modular forms of G3. Clearly much work
remains to be done in this direction. Other outstand-
ing problems are to understand the roˆle of rotating and
multi-centered black holes, as well as the effect of higher
derivative corrections, and to understand the appearance
of the extra NUT-charge parameter k in the generalized
topological string amplitude. It should also be pointed
out that a similar line of reasoning may be developed
for 5-dimensional black holes and black rings, leading us
to expect that the 4-dimensional U-duality group plays
a similar role in 5 dimensions. Finally, the extension of
this approach to full-fledged N = 2 string theory, if suc-
cessful, is likely to uncover new relations between number
theory, Calabi-Yau geometry and physics.
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